Biological experiments have verified that EIciRNAs (a class of circRNA) produced from pre-mRNA can regulate gene expression, but the effect of regulation remains unexplored. Here, we refine a mechanistic gene model from experimental facts, in which we assume pre-mRNA synthesizes EIciRNAs and mRNAs in a probabilistic manner, with the probability called the pathway strength, and the resulting EIciRNAs positively regulate the pre-mRNA synthesis. We show that there is a critical pathway strength such that the mRNA mean and the mRNA noise reach the highest and lowest levels, respectively. The EIciRNA can induce the unimodal and bimodal mRNA expressions, as well as the transition between them. Our investigation hints that EIciRNA is a non-negligible factor affecting cell-to-cell variability in gene expression.
Complexity of gene expression is reflected in many aspects: aside from the fundamental processes described by the central dogma in biology, gene expression also involves regulations by various possible kinds of noncoding RNAs, the expression levels of some of which are difficult to measure in experiments, whereas the molecular mechanisms of others have not been specified. These potential regulatory molecules would significantly affect mRNA or protein expression levels. An important task in the post genomic era is to develop mathematical models to reveal how different molecular mechanisms impact variations in mRNA and protein levels across a genetically identical population of cells.
As an important class of ncRNAs [1] , circular RNAs (denoted by circRNAs for brevity) are covalently closed, single-stranded transcripts that comprise many RNA species (i.e., circRNAs of different sequences with each designated as one RNA species). CircRNAs are presumably produced from precursor mRNA (pre-mRNA) back-splicing of exons, resulting in the exclusion of a circRNA molecule with a 3 0 and 5 0 phosphodiester bond at the junction site. Although this kind of RNA was discovered more than 20 years ago, circRNAs were ever thought to be by-products of aberrant splicing with little functional potential during a period [1] [2] [3] [4] [5] [6] . To date, next-generation RNA sequencing (RNA-seq) of non-polyadenylated transcriptomes has shown that the expressions of circRNAs are widespread [7] [8] [9] [10] [11] , e.g., it has been verified that over 10% of expressed genes in examined cells and tissues can produce circRNAs [8, 10, 12] . Through high-throughput RNA sequencing in combination with bioinformatics analysis, some circRNAs have now been recognized as a large class of RNAs that may contain thousands of members in animal cells [13] [14] [15] [16] . These latest identified circRNAs have shown developmental stage-specific and tissue-specific expression, suggesting circRNA's potential regulatory roles in gene expression [14, 16] .
Experimental reports have indicated that at least two circRNAs are able to function as microRNA Abbreviations LNA, linear noise approximation; SSA, stochastic simulation algorithm.
sponges: CDR1as as a sponge of miR-7 and circRNA generated from the Sry gene (circSry) as a sponge of miR-138 (refs. [9, 16] ). Consistently with their roles in regulating microRNA functions, CDR1as and circSry are predominantly localized in the cytoplasm [9, 16] . However, bioinformatics analysis has shown that the majority of circRNAs do not possess multiple binding sites for microRNAs, so they may not function as microRNA sponges [17] .
Recent experimental reports have also indicated that a subclass of circRNAs localize in the nucleus, and some of them have been confirmed that introns between circularized exons were retained. These exon and intron-containing circRNAs are termed as EIciRNAs. The intron-retention property of EIciRNAs is distinct from microRNA-sponge circRNAs and the other circRNAs. According to bioinformatics analysis, 20% of thousands of circRNAs in mammalian cells might have retained introns [8] . RNA sequencing of Pol II CLIP (cross-linking and immunoprecipitation) samples and subsequent bioinformatics analysis revealed that some circRNAs were associated with Pol II in HeLa cells [18] . Moreover, data have illustrated that knockdown of circEIF3J and circPAIP2 can result in lower EIF3J and PAIP2 transcription levels, respectively [18] . More lines of evidence have showed that EIciRNAs can promote the transcriptions of their parental genes via the interaction with U1 snRNA, thus providing insights into a gene expression fine-tuning mechanism that works via the RNA-RNA interaction.
In short, there are three classes of circular RNAs: exonic (circRNAs), intron lariat (ciRNAs), and exonintron-containing (EIciRNAs), where only the EIciRNAs are the interest of this paper, since they have been experimentally characterized. EIciRNAs and mRNAs may be produced from the homologous premRNAs but the expression levels of the former are in general much lower than that of the latter, and the interactions between them may form a complex network but one of the central roles of EIciRNAs is to regulate gene expression [19] . In spite of these, the quantitative effects of EIciRNA on the mRNA expression level remain elusive. Here, by analyzing a mechanistic gene expression model with EIciRNA regulation, which is refined from experimental evidence and is assumed that EIciRNAs are produced with a probability (called the pathway strength) and in turn positively regulate the production of pre-mRNAs, we find some interesting phenomena, e.g., there is an optimal pathway strength such that the mRNA mean reaches the highest level and the mRNA noise reaches the lowest level, and the optimal pathway strength is a monotonically increasing function of both feedback strength (defined as the reciprocal of dissociation constant) and the maximum transcriptional rate. In addition, EIciRNA can induce the bimodal mRNA expression and the transition between the unimodal and the bimodal mRNA expressions. These qualitative results indicate that EIciRNA can significantly impact mRNA expression level and EIciRNA-mediated regulation can be taken as an effective mechanism of controlling cellto-cell variability in gene expression.
Theoretical models

Hypotheses based on experimental facts
In fact, U1 snRNP is indispensable for the cis effect of EIciRNA. Studies have shown that interactions between Pol II and EIciRNA decreased upon AMO (U1 antisense morpholino) blocking of the U1-binding site [18] . Also, 15 out of 111 observed circRNAs have been confirmed as EIciRNA (containing intronic sequences) by Pol II RNA immunoprecipitation (RNA IP) [18] , including circEIF3J and circPAIP2. The fact that these EIciRNAs interact with Pol II, U1 snRNP and gene expression hints roles of EIciRNAs in regulating transcription. However, the physiological functions of these EIciRNAs remain unexplored. In this paper, we will mainly analyze the cis effect of EIciRNAs on parental mRNA (including its expression level and noise). For this, we make the following assumptions.
First, we assume that DNA synthesizes pre-mRNA molecules in a constitutive manner [20, 21] although the bursty manner is widespread in eukaryotic cells [20, 21] . Second, we assume that EIciRNA molecules is produced directly from pre-mRNA, as pointed out in the introduction or mentioned in Ref. [10] . Third, a parental gene may have two selectable pathways to produce mRNA or EIciRNA. The biogenesis of EIciRNAs is inhibitory to the production of parental mRNA. The strength of the inhibition can be described in a probabilistic manner. Specifically, the parental gene generates EIciRNAs with probability p with 0 < p < 1, but mRNAs with probability 1 À p. For convenience, we call p the pathway strength throughout this paper, which is depending on flanking intronic complementary sequences of the circularized exons, cis or trans regulators, and canonical splice signal [22] [23] [24] . In theory, EIciRNA may negatively regulate the production of the linear mRNA [12, 25] , but may also positively regulate the transcription of the parental gene by interacting with Pol II and U1 snRNP. Here, we assume that EIciRNA regulates the pre-mRNA synthesis in a positive manner. In fact, in human cells, the circular intronic RNA (ciRNA) decreases the transcriptional levels of the corresponding ankyrin 52 and sirtuin 7 genes, suggesting that ciRNA promotes the Pol II transcription of its parental genes (although the mechanism behind this is still unclear) [19, 26] . In addition, the celerity of splicing process implies that pre-mRNA can be viewed as a fast variable in contrast to mRNA and EIciRNA. In fact, according to biological experiments [27, 28] , the splicing rate of pre-mRNA is much greater than each of the degradation rates of mRNA and EIciRNA. Thus, we can neglect the generation of premRNAs. Based on these biologically reasonable assumptions, we construct a gene model, which is schematically shown in Fig. 1 .
Regarding the setting of model parameter values, the available experimental data that we can find are only on the rate of the circular RNA level over the mRNA level (circEIF3J/EIF3J mRNA, circPAP I2/ PAPI2 mRNA) [18] . Moreover, this rate is different for a different circular RNA. Therefore, we will artificially set values of some parameters but all the qualitatively obtained results are kept invariant.
Deterministic model
Let x (t) and y (t) represent the concentrations of mRNA and EIciRNA at time t, respectively. As a function of the EIciRNA concentration, f (y) describes the transcription of the parental gene. Let d m and d c represent the degradation rates of mRNA and EIciRNA, respectively. The remarkably high stability of circRNA species is substantiated by half-life of over 48 h in comparison to the typical average of 10 h in linear RNAs [29, 30] , implying d c << d m . Therefore, d c is much less than d m . According to Fig. 1 , the macroscopic rate equations for x (t) and y (t) can then be expressed as
Experimental data indicated that the overexpression of circEIF3J or circPAIP2 from plasmids has no substantial effect on the levels of EIF3J and PAIP2 mRNAs [18] . This suggests that the regulation strength of EIciRNA acting on the parental gene would have a threshold. In addition, our model has assumed that EIciRNAs promote the parental gene expression, implying dfðyÞ=dy [ 0: Therefore, we can assume that regulation function f (y) is a Hill-type function of the form
where k max represents the maximum regulation rate, a H is a Hill coefficient for which we will set a H = 1 for analysis convenience, k h is the dissociation constant, and k f is the basal transcription rate with k f~kmax [31] . Setting the derivatives in Eqn (1) to zero and solving the resulting algebraic equations in x and y yield the following analytical expression for the steady state of the underlying system
We can mathematically prove that under the condi-
, there is an optimal pathway strength, denoted by p*, such that the mean mRNA level reaches the maximum. Moreover,
On the other hand, the mean EIciRNA level is a monotonically increasing function of p. This is not
With probability 1-p:
With probability p : strange since p represents the probability that the parental gene generates EIciRNA.
We observe from Fig. 2B ,D that the mean EIciRNA level is a monotonically increasing function of pathway strength p, independent of both feedback strength 1/k h and maximal regulation effect k max . Moreover, for a fixed k max , a larger k h (or a smaller feedback strength) leads to a lower mean EIciRNA level, but for a fixed k h , a larger k max results in a higher mean EIciRNA level. Note that a very small feedback strength (i.e., k h ? ∞) corresponds to the case without EIciRNAs' regulation.
Numerical simulations verify the above theoretical predictions, referring to Fig. 2 that plots the dependence of the mean mRNA or EIciRNA level on the pathway strength (p). From this figure, we observe that the mean mRNA level is fundamentally a convex function of p, referring to Fig. 2A ,C. Moreover, for every fixed k h , there is indeed an optimal p*, such that the mean mRNA level reaches the maximum. Specifically, the mean mRNA level is monotonically increasing in p if p < p* and monotonically decreasing otherwise. Overall, the mean mRNA level is elevated compared with the case without EIciRNAs' regulation (i.e., k h ? ∞). This result is in agreement with an experimental report [18] . We also observe that the p* is dependent of parameter k h whose inverse, i.e., 1/k h is defined as the feedback strength. Moreover, for a fixed k max , the larger the feedback strength is, the higher is the mean mRNA level, but for a fixed feedback strength, the larger the k max is, the higher is the mean mRNA level. The optimal p* does not depend on k max as remarkably as k h (or feedback strength).
Finally, in this subsection, we simply conclude the above analysis of the deterministic model. There is an optimal pathway strength (p*), such that the mean mRNA level is highest; a smaller feedback strength leads to a lower mean mRNA level; and the mean EIciRNA level is a monotonically increasing function of pathway strength but a monotonically increasing function of feedback strength (1/k h ). In addition, we point out that according to the experiment results [32] , the abundance of an individual EIciRNA is not necessarily high but is in general low when it carries out some biological functions (here we consider its regulation function). Thereby, a larger feedback strength, namely a smaller k h , is a key factor for gaining a smaller optimal pathway strength.
Stochastic model
The best way to describe the probabilistic behavior of the system of the above gene model is the chemical master equation for the time evolution of the joint probability of mRNA and EIciRNA. For this, it is needed to assume that all the involved reaction events are Markovian. Let n m and n c represent the molecule numbers of mRNA and EIciRNA respectively, and P (n m , n c , t) represent the joint probability of having n m copies of mRNA and n c copies of EIciRNAs at time t. Then, the chemical master equation corresponding to Fig. 1 takes the form dP n m ; n c ; t
where I is the unit operator, and E with the inverse E À1 is a step operator with the operation rule:
Note that the mean and the noise intensity (defined as the ratio of variance over the square of mean) of EIciRNA, denoted by n c h i and g
respectively, are formally calculated according to
Completely similarly, the mean and the noise intensity of mRNA, denoted by n m h i and g
where P m (n m , t) represents the marginal distribution for mRNA. In order to obtain these statistical quantities, the key is to give or find relevant marginal distributions. The analytical results will be presented in the next section.
Main results
EIciRNA can adjust the mRNA noise to the lowest level First, we apply the linear noise approximation (LNA) [33, 34] to characterize the mRNA noise. In the LNA, it is needed to calculate two kinds of matrices: dissipation matrix and fluctuation matrix.
Note that the dissipation matrix A is nothing but the linearization matrix of system (1) at steady state, that is,
The fluctuation matrix B is obtained in the following manner [35] : for each reaction channel in the system described in Fig. 1 , we first calculate the outer product of the reaction vector [36] with itself by multiplying it by the (steady-state) reaction rate, and then sum the results over all reaction channels. Thus, we have
The fluctuation-dissipation theorem [37] states that the covariance matrix P ¼ R 11 R 12 R 21 R 22 for the random vector of steady-state mRNA and EIciRNA copy numbers satisfies the so-called Lyapunov matrix equation 
which can determine Σ ij with i, j = 1, 2. Thus, according to the definition of noise, we obtain the following formulae for calculating mRNA and EIciRNA noise [38] 
where x s and y s have been given by Eqn (3). These analytical results can be used to analyze how parameters related to EIciRNA regulation affect the mRNA and EIciRNA noise levels. Relevant numerical results are shown in Fig. 3 . From Fig. 3A , we observe that for a fixed k max , there is a critical threshold of pathway strength, p*, such that the mRNA noise intensity is a monotonically decreasing function of p if p < p* but a monotonically increasing function of p if p > p*, implying that the mRNA noise intensity reaches the minimum at p = p*. For a fixed pathway strength, the mRNA noise intensity is a monotonically decreasing function of k max when p is larger than a certain small value. Similarly, for a fixed k h , there is an optimal pathway strength p* such that the mRNA noise intensity reaches the maximum for a fixed feedback strength 1/k h . The mRNA noise intensity is also a monotonically increasing function of k h when p is larger than a certain small value, referring to Fig. 3C .
From Fig. 3B , we observe that the EIciRNA noise intensity is a monotonically decreasing function of pathway strength p for a fixed k max , and is also a monotonically decreasing function of k max for a fixed pathway strength. Similarly, the EIciRNA noise intensity is a monotonically decreasing function of p for a fixed k h , but is a monotonically increasing function of k h for a fixed pathway strength, referring to Fig. 3D .
In a word, with the increase of pathway strength p, the variability in the mRNA level first decreases and then increases, irrespective of the values of k h and k max , implying that the mRNA noise level achieves a minimum at an optimal value of p. Moreover, this optimal value increases with increasing k h and slightly decreases with increasing k max . In contrast, the variability in the EIciRNA level decreases with increasing the pathway strength. In addition, the noise in the mRNA and EIciRNA levels all monotonically decreases with increasing k max and increases with increasing k h when p is larger than a certain small value but the change tendency does not hold in the contrary case.
EIciRNA can induce the bimodal expression of mRNA
In this subsection, we consider the steady-state distributions of mRNA and EIciRNA. In Fig. 4 , each reaction is a probabilistic event and occurs at exponentially distributed time intervals, as observed experimentally [39] [40] [41] . Moreover, whenever a particular reaction fires, the molecule number of mRNA or EIciRNA is reset based on stoichiometry of the reaction.
In order to obtain the stationary distribution of EIciRNA, we set the deviation in Eqn (6) to be zero. As such, we obtain
where
The distribution shown above can be bimodal when the function f (0) = k f is small [42, 43] . In actually, stochastic bistability will be found when the equation
p is hold, but the inverse is not [42] . Of course, the stationary of mRNA is also bimodal in this range of k f , but not necessarily unimodal out of this range of k f . Since EIciRNA is highly stable, the variation in the number of EIciRNAs is very slow compared with the kinetics of mRNA. Therefore, we can approximate the kinetics of mRNA by considering the molecule number of EIciRNA as a constant. Moreover, the distribution of mRNA for a constant number of activators (i.e., EIciRNAs) is given by a Poisson distribution given by Eqn (15) . As a consequence, the steady state probability of having n m copies of mRNA conditional on the molecule number of EIciRNA being equal to s can be calculated according to the following formula We compare results obtained by the approximate method (i.e., Eqn (17)) with those obtained by stochastic simulation algorithm (SSA): Gillespie algorithm [44] . Figure 5 shows that the approximate results are in good accord with those obtained by SSA, especially in the case of p < 0.1 as shown in Fig. 5D where we calculate the Kullback-Leibler divergence [45] between the analytical and simulated distributions. Therefore, it is reasonable to analyze the mRNA distribution by using the approximated model. From Fig. 5 , we observe that the mRNA distribution is apparently bimodal but the EIciRNA distribution plotted in a smaller box is not bimodal but is unimodal (Fig. 5A-C) . This implies that EIciRNA regulation can induce bimodality of the distribution of parental mRNA, which is different from the classic positive feedback model with a H = 1. As shown in Fig. 6A -C, the mRNA distribution varies from bimodality to unimodality with the increase of pathway strength p. However, the EIciRNA distribution shown in the smaller box is always unimodal, independent of p. It is worth pointing out that the mRNA bimodality presents only in a range of very small p. This is in agreement with the experiment result that the abundance of EIciRNAs does not need to be high for the regulatory effect [18] .
EIciRNA can induce the transition between unimodal and bimodal mRNA expressions
In the previous section, we have shown how pathway strength p induces the bimodality of the mRNA distribution in the case that the other system parameter values are kept fixed. In this subsection, we examine the effects of parameters associated with the EIciRNA regulation such as k h and k max on the mRNA expression in the presence of bimodality.
Assume that there are two peaks, referring to schematic Fig. 6 where we denote by u l and u r the mRNA numbers corresponding to these two peaks and by v the mRNA number corresponding to the valley. Define the height of the right peak as d þ ¼ P n m u r ð Þ À P n m v ð Þ, which is actually the vertical distance between the right peak and the valley, referring to Fig. 6 . Similarly, define the height of the left peak as d À ¼ P nm u l ð Þ À P nm v ð Þ, also referring to Fig. 6 . In turn, d + and d À defined in such manners can be used to judge whether a distribution is bimodal or unimodal. Specifically, if both d + and d À are more than zero, the distribution is bimodal. If the only one of d + and d À is more than zero, the distribution is unimodal. We will use the two quantities d + and d À to characterize the mRNA distribution.
Apparently, both d + and d À depend on path strength p. To show this dependence, we plot correspond respectively to k h = 1, k h = 2.15 and k h = 3.43, we observe that d + is fundamentally an increasing function of p, whereas d À is fundamentally an increasing function of p. Note that in these panels, shadow areas represent that bimodality exists. It is interesting that we observe that the curves of d + vs p and d À vs p have the unique crossing point in these shadowed areas but have no crossing points in their outside. This implies that the crossing point of two curves is a criterion that bimodality exists. In addition, we observe that the shadow areas become narrower with the increase of the k h parameter value. First, we investigate the effect of dissociation constant k h on bimodality. Note that in principle, the d À and d + defined above are functions of parameters p, k max , k f , k h , d m , and d c . For analysis convenience but without loss of generality, we fix some parameter values, e.g., we set k max = 5, k f = 1, d m = 0.2, and d c = 0.04. In this case, numerical calculation finds that the range of path strength p to guarantee the existence of bimodality is in general very small. More precisely, p is in general < 0.1, referring to Fig. 4 . If we define the ratio of the width of the shadowed area (referring to Fig. 7A-C) over the corresponding interval length of pathway strength p as 'bimodality' shown in Fig. 7D , this panel shows the dependence of the bimodality on dissociation constant k h . We observe that the bimodality is weakened with the increase of k h . More precisely, the bimodality of the mRNA distribution is a monotonically decreasing function of k h and finally vanishes after k h is sufficiently large (e.g., after k h > 5). In a word, dissociation constant k h plays a role of weakening and even eliminating the bimodality of the mRNA distribution.
Then, we investigate the effect of maximum regulation rate k max on bimodality. Similar to the case of analyzing the effect of k h , we fix some parameter values, e.g., we set k h = 1, k f = 1, d m = 0.2, and d c = 0.04. If we define the ratio of the width of the shadow area (referring to Fig. 8A-C) over the corresponding interval length of pathway strength p as 'bimodality' shown in Fig. 8D , this panel shows the dependence of the bimodality on maximum regulation rate k max . Interestingly, we observe that there is a critical value of k max (denoted byk max ), the bimodality is optimal, and e k max % 4:54 under the above setting of parameter values. More precisely, the bimodality of the mRNA distribution is enhanced if k max \k max and weakened otherwise. This kind of change tendency can be seen by comparing Fig. 8A-C . Therefore, the role of k max is different from that of k h in regulating the bimodality of the mRNA distribution.
We also analyze the autocorrelation time of mRNA and how EIciRNA impacts the protein noise. See Appendix S1 for details. This analysis further indicates that EIciRNA is a non-negligible factor affecting cellto-cell variability in gene expression, as observed in biological experiments [18, 19] .
Discussion
As a special class of RNAs, circRNAs are presumably produced from pre-mRNA but exist extensively in eukaryotic cells. Many identified circRNAs are often expressed in a developmental stage-specific and tissuespecific manner, implying that they play a role of regulating gene expression [3, 10] . Previous studies of gene expression models neglected circRNAs and their regulatory roles. An unexplored issue is how circRNAs regulate the expressions of gene products.
In this paper, we have theoretically analyzed the effect of EIciRNA on the expression of its parental gene, using a mechanistic model refined from experimental facts or results obtained by bioinformatics analysis, which is schematically shown in Fig. 1 . This model assumes that mRNA and EIciRNA are produced from pre-mRNA through two different pathways characterized by a probability (called the pathway strength throughout the paper). In turn, the produced EIciRNAs positively regulate the synthesis of the pre-mRNA, forming a positive feedback loop. By model analysis, we have shown that EIciRNA can significantly regulate the expressions of mRNA and further protein. Interestingly, we have found that EIciRNA can induce the bimodal mRNA expression in the stochastic model although the corresponding deterministic model is mono-stable, and EIciRNA can also induce the transition between the unimodal and bimodal mRNA expressions. Moreover, there is a critical pathway strength such that the mRNA noise reaches the lowest level, implying that EIciRNA can tune the expression noise to the lowest level. Our investigation interpreted experimental phenomena on the one hand and revealed the mechanism of how EIciRNA regulates gene expression on the other hand. The overall analysis showed that EIciRNA is a non-negligible factor during the gene expression process, which however was neglected in previous studies. Other classes of circRNAs (e.g., exonic (circRNAs), intron lariat (ciRNAs)) might also play potential functional roles in gene expression networks but the mechanisms behind them remain unexplored and are worth investigation from a theoretical point of view.
Our model was simplified in many aspects. For example, it did not consider the burst way of gene expression, which however is a common way of gene expression in eukaryotic and even prokaryotic cells [46, 47] . In addition, our model assumed that EIciRNA regulates gene expression in a positive manner, but negative regulation is also possible. Our model used a probability to characterize the choice of the circRNA pathway, but the practical situations may be complex. Our model considered cell environment to be stable, but external variability is also non-negligible. In theoretical analysis, we also made simplification. For example, we used the linear noise approximation rather than the master equation to estimate the noise in the gene product. Apparently, the obtained results on the noise in such a manner are approximate since the system under consideration is nonlinear. All these details are worthy of further investigation, but we believe that the qualitative results obtained here are kept unchanged. 
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